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Abstract
Here we obtain upper bounds for diameters of covering spaces of com-
pact length spaces with the lifted metric. We give a proof by Sergei
Ivanov of the fact that the diameter of an n-fold cover of a space of
diameter d is bounded above by dn. We also show that the bound can
be improved to 4d
√
n if the cover is universal.
Let X be a compact length space of diameter d and ρ : X˜ → X an n-
fold covering map. Then there is a unique length structure in X˜ satisfying
that for any curve γ : [0, 1] → X˜ , ℓ(γ) = ℓ(ρ ◦ γ), where ℓ denotes length
([2], section 3.4). Since as sets, X˜ is n copies of X , one might expect that
diam(X˜) ≤ dn. However, this is a nontrivial fact by Sergei Ivanov [4].
Theorem 1. An n-fold convering space X˜ of a compact length space X with
the lifted metric satisfies diam(X˜) ≤ n diam(X).
Assume there are p, q ∈ X˜ with d(p, q) > dn + ε. Take a minimizing
geodesic γ : [0, 1]→ X˜ from p to q, then there are 0 = x0 < x1 < . . . < xn = 1
with d(γ(xi), γ(xi+1)) > d+
ε
n
for all i. Let pi = ρ(γ(xi)) and γi = γ|[xi−1,xi]
for each i and take minimizing curves αi : [xi−1, xi]→ X from pi−1 to pi. For
each i let βi be the concatenation α1 ∗ α2 ∗ . . . ∗ αi ∗ (ρ ◦ γi+1) ∗ . . . ∗ (ρ ◦ γn).
Since ℓ(αi) ≤ d < ℓ(γi), we have ℓ(βi) < ℓ(γ) for all i.
Also let β˜i be the lifts of the βi with β˜i(1) = q. By the pigeonhole
principle, there are two curves in the set {γ, β˜1, . . . , β˜n} with the same initial
point. We cannot have β˜i(0) = p for any i, since ℓ(β˜i) < ℓ(γ) and γ is
minimizing. Therefore we have β˜i(0) = β˜j(0) for some i < j. Set σ as the
lift of (ρ ◦ γ1) ∗ . . . ∗ (ρ ◦ γi) ∗ αi+1 ∗ . . . ∗ αj ∗ (ρ ◦ γj+1) ∗ . . . ∗ (ρ ◦ γn) with
σ(1) = q.
Since β˜i and β˜j coincide in [0, xi], we have β˜i(xi) = β˜j(xi). Also γ and
β˜i coincide in [xi, 1], so γ(xi) = β˜i(xi) = β˜j(xi). On the other hand σ and
β˜j coincide in [xi, 1], so σ(xi) = β˜j(xi) = γ(xi). From here we can conclude
that σ and γ coincide in [0, xi], but that would imply that σ is a curve from
p to q with ℓ(σ) < ℓ(γ). 
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Figure 1: At least two of the lifts on the left must have the same initial point.
Figure 2: Bound is attained in plenty of examples. In here n = 6.
This bound is sharp for all n. If we regard ρn : S
1 → S1 as ρn(z) = zn,
the diameter of the lifted metric is n times the diameter of the base space.
The bound is attained in other examples as well.
Now assume that X˜ is the universal cover of X (|π1(X)| = n). Pick
any p, q ∈ X˜ at maximal distance and a minimizing γ path joining them.
Since the cover is regular, that path can be taken by a deck transformation
φ in such a way that p is close to the midpoint of φ(γ). This means that
our space cannot have long dead ends, otherwise the bottom would not be
close to the middle of any long minimizing path. Intuitively, this means
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that at large scale X˜ has a round shape, so the upper bound for diam(X˜) is
expected to be much less than dn. Following A. Petrunin idea of analyzing
the growth function in the Cayley graph of the fundamental group [5] we
have the following result.
Theorem 2. Let X˜ be the n-fold universal cover of a compact length space
X with the lifted metric. then diam(X˜) < 4
√
n diam(X).
Before we start the proof we should mention that n-fold universal covers
show up by the Bonnet-Myers Theorem for all complete manifolds with a
strictly positive Ricci curvature lower bound ([3], section 11.7), as well as for
Alexandrov spaces of curvature ≥ 1 ([2], section 10.4).
Let p be any point in X , {p1, . . . , pn} = ρ−1(p) and ε > 0. Consider the
cover {Ui}ni=1 with Ui = {x ∈ X˜ | d(x, xi) < d+ ε}. This is certainly a cover,
since for any q ∈ X˜ , there is a curve from ρ(q) to p of length less than d+ ε,
which can be lifted to a curve from q to some pi. We will prove that the
2−skeleton of the nerve of this covering is simply connected.
Recall the definition of nerve. ∆n−1 will denote the (n− 1)−dimensional
simplex {(x1, . . . , xn) ∈ Rn | xi ≥ 0 for all i,Σni=1xi = 1}. For x =
(x1, . . . , xn) ∈ ∆n−1 we define the support supp(x) as {i ∈ {1, 2, . . . , n} |
xi 6= 0}. For a subset I ⊂ {1, 2, . . . , n}, we will denote the subsimplex
{x ∈ ∆n−1 | supp(x) ⊂ I} as ∆I . We define the nerve N of the cover {Ui}ni=1
as the simplicial complex
⋃
I∈Υ∆I with Υ = {I ⊂ {1, 2, . . . , n} | ∩i∈IUi 6= φ}.
The following lemma will show that N is connected.
Lemma 3. π1(X, p) is generated by homotopy classes containing loops of
length less than 2(d+ ε).
Since X is compact semi-locally simply connected, there is η > 0 such
that any loop within a ball of radius η is nullhomotopic. This implies that
every loop in X is homotopic to a loop γ : [0, 1]→ X of finite length. Such
loop can be seen as the concatenation of a sequence of paths γi = γ |[xi−1,xi]
with length less than ε with 0 = x0 < x1 < . . . < xm = 1. If σi are minimizing
paths from p to γ(xi), we have
γ ≃ (γ1 ∗ σ−11 ) ∗ (σ1 ∗ γ2 ∗ σ−12 ) ∗ . . . ∗ (σm−2 ∗ γm−1 ∗ σ−1m−1) ∗ (σm−1 ∗ γm).

Then for any two vertices ei, ej in N , there is a sequence of points
pi=i0pi1 . . . pim=j with d(pik−1, pik) < 2d + ε for each k, meaning that the
edges eik−1eik are in N , connecting ei and ej .
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Figure 3: Each loop is homotopic to a concatenation of loops with length
less than 2d+ ε.
Lemma 4. N is simply connected.
Since for any simplicial complex the inclusion of the 1-skeleton induces an
epimorphism i1
∗
: π1(N
1, e1)→ π1(N, e1), it is enough to show that any loop
of the form e1=i0ei1 . . . eim=1 is nullhomotopic. For that, construct a partition
of unity ψ : X˜ → N as follows. For each i let fi : X˜ → R be defined as
fi(x) =
{
d+ ε− d(x, pi) if d(x, pi) < d+ ε
0 if d(x, pi) ≥ d+ ε
Now, define ψi : X˜ → R as ψi(x) = fi(x)/Σnj=1fj(x). Note that ψi(x) 6= 0
if and only if x ∈ Ui, so ψ = (ψ1, . . . , ψn) : X˜ → N is well defined. Let
γk : [k − 1, k]→ X˜ be shortest paths from pik−1 to pik .
For each k, we can consider the the homotopy Hk : [k−1, k]× [0, 1]→ Rn
defined by
Hk(s, t) = (1− t)[(k − s)eik−1 + (s− k + 1)eik ] + t[ψ(γk(s))].
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Since supp(Hk(s, t)) ⊂ {ik−1, ik}
⋃
supp(ψ(γk(s))) = supp(ψ(γk(s))) ∈ Υ
for all s ∈ [k − 1, k], Hk is a homotopy in N from the segment [eik−1 , eik ] to
the curve ψ(γk).
Gluing these maps, we get a homotopy H : [0, m] × [0, 1] → N from
e1=i0ei1 . . . eim=1 to ψ ◦ (γ1 ∗ . . . ∗ γm). And since X˜ is simply connected, the
loop γ1 ∗ . . . ∗ γm is contractible, as is ψ ◦ (γ1 ∗ . . . ∗ γm). 
Now, since the inclusion of the 2−skeleton induces an isomorphism i2
∗
:
π1(N
2, e1)→ π1(N, e1), we obtain that N2 is simply connected. To finish the
proof of Theorem 2 we will need the following lemma.
Lemma 5. Let Z be the Cayley graph of a finite group with the word metric.
If Z is the 1-skeleton of a simply connected 2-dimensional simplicial complex
Y , then m = diam(Z) ≤
√
4|Z|+ 1− 2.
Let e ∈ Z be the neutral element. Take h ∈ Z with d(h, e) = m and a
minimizing path e = g0, g1, . . . , gm = h. For each i, set Si be the induced
graph by the set of vertices {g ∈ Z | d(g, e) = i} and let Ti be the connected
component of gi in Si.
Removing Ti we disconnect Z. To see that, assume the contrary and take
a minimizing path e = g′0, g
′
1, . . . , g
′
m′ = h in Z\Ti. Consider the map Φ : S1 =
R/Z → Y that sends the interval [0, 1/2] to the path e = g0, g1, . . . , gm = h
and [1/2, 1] to the path g′m′, . . . , g
′
1, g
′
0.
Also take the map Ψ : Y → S1 defined as follows. Ψ restricted to the sub-
complex Y0 induced by
⋃i−1
j=0 Sj is identical to 0, restricted to the subcomplex
Y1/2 induced by
⋃m
j=i+1 Sj is identical to 1/2, restricted to the subcomplex
Y1/4 induced by Ti is 1/4, and restricted to the subcomplex Y3/4 induced by
Si\Ti is 3/4. Also takes all the edges and faces joining Y0 with Y1/4 to the
interval [0, 1/4], the same for the intervals [1/4, 1/2], [1/2, 3/4], and [3/4, 1].
The composition Ψ ◦Φ is homotopic to the identity in S1, contradicting that
Y is simply connected.
Denote by C1 and C2 the connected components of e and h in G\Ti,
respectively. Since the left multiplications are graph isomorphisms, removing
g−1i Ti disconnects Z in two components C
′
1 and C
′
2 isomorphic to C1 and C2,
respectively. If g−1i Ti does not intersect Ti, one of C
′
1 or C
′
2 strictly contains
C2, but since |C2| = |C ′2|, we have C2  C ′1 and |C2| < |C1|. Analogously,
hg−1i Ti separates Z in C
′′
1 and C
′′
2 , and if hg
−1
i Ti does not intersect Ti, then
C1  C
′′
2 and |C1| < |C2|.
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Therefore Ti has to intersect g
−1
i Ti or hg
−1
i Ti, so |Ti| ≥ min{i + 1, m −
i+ 1}. Finally, since the Ti’s are disjoint, we conclude that |Z| ≥ Σmi=0|Ti| ≥
Σmi=0min{i + 1, m − i + 1}. This implies that m ≤
√
4|Z|+ 1 − 2, which is
the required inequality. 
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Figure 4: If |Ti| ≤ i, then (g−1i Ti) ∩ Ti = φ. And if |Ti| ≤ m− i+ 1, we have
(hg−1i Ti) ∩ Ti = φ.
Let K ⊂ π1(X, p) be the classes containing loops of length less than
2(d+ε). Then the 1-skeleton N1 is the Cayley graph of π1(X, p) withK as the
set of generators. For any q, r ∈ X˜ , there are pi, pj with d(q, pi), d(r, pj) ≤ d,
and from the previous lemma, d(pi, pj) < (
√
4n+ 1 − 2)(2(d + ε)). Since ε
was arbitrary, we obtain that diam(X˜) < 4d
√
n. 
For the asymptotic behavior as n → ∞, this bound is far from being
sharp. Itai Benjamini, Hilary Finucane and Romain Tessera showed [1] that
if any sequence of finite graphs Gi such that the isomorphism group of each
one acts transitively and |Gi| → ∞ satisfies
lim sup
i→∞
diam(Gi)
|Gi|p > 0
for some p > 0, then there is a subsequence Gik such that the re-scaled se-
quence Gik/diam(Gik) converges in the Gromov-Hausdorff sense to a torus.
Then for large k, Gik cannot be Gromov-Hausdorff close to a simply con-
nected length space and this behavior cannot happen for Cayley graphs of
fundamental groups of length spaces with the set of generators K described
above.
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From here we can conclude that diam(X˜)/diam(X) = o(np) for all p > 0.
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